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Stokes-Einstein-like relation for athermal systems and glasses under shear
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Finite temperature and athermal simulations are used to determine the viseaositgt diffusivity D for
systems undergoing shear flow at shear asmd temperatur&. Athermal simulations show that~y~* and
D~y due to strain-activated relaxations, leading to an athermal Stokes-Einstein-like reldierCge.
Finite temperature simulations show that at higthe Stokes-Einstein relatignD = CgT is followed, and as
T decreaseg D diverges in the Newtonian limit, byt D reaches the constant val@g g for finite y. These
different behaviors oftD suggest that particle dynamics are fundamentally different as jamming is approached
by reducing a driving force as opposed to cooling, and that dynamic heterogeneities play a different role in
shear-induced dynamics.
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The relationship between the dynamics in thermal sysforce between particlesandj (in the athermal simulations
tems (atomic and colloidal systemsand athermal systems described below the velocities are zerdhe diffusion con-
(e.g., granular materials and foams an area of intense stants in the directions perpendicular to fldy,, andD,,,
recent study1]. The dynamics in athermal systems are gen-are obtained from the Einstein equations,
erated by applied driving forces, while the dynamics in ther-
mal systems can be generated by both driving forces and
thermal energy. When the driving force or temperature is
reduced, both thermal and athermal systems undergo jam-
ming transitions, which are characterized by the cessation of
flow. Unresolved questions include how the properties of thavhere (Ay)? and (Az)? are the mean-squared displacements
unjammed system change as the jamming transition is apelative to initial configurations, andis the time. The aver-
proached, and the nature of the relationship between jamage diffusivity in the directions perpendicular to flow is ob-

1
2

.

1) {(Ay)?)
Dw:(z)f' 22

ez

ming due to temperature decrease and jamming due to dritained asD=(Dy,+D,,)/2.
ing force decrease. The present paper addresses theseTwo types of simulations are carried out.

guestions using nonequilibrium molecular dynamics simula-

tions, and an analysis of the potential energy lands¢2ape
The system examined is the bing80—-20 % mixture of
Lennard-Jones atoms that prevents crystallizaf®n The
Lennard-Jones parameters arg and oy; for interactions
between atoms of typé and typej, where £,,=0.5¢,
02,=0.8801;, £1o=1.5¢41, and o1,=0.804;; the interac-
tions are truncated at the distance of&;5and shifted with
respect to energy, such that the energy is continudukof
the atoms have the mass The following units are used
throughout the papeg, for energy,o(, for length,e,/kg
for temperature, roo3,/ ;) Y2 for time, £,/ 0%, for stress,
(Me 1,/ 037 Y2 for viscosity, and §3,e4,/m)Y? for diffusiv-
ity. The simulations are carried out fof=500 atoms at the
densityp=1.2. The viscosityu is obtained as
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where(- --) represents an average over the simulation trajec-

tory and the shear stresss calculated as
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(1) Nonequilibrium molecular dynamidhEMD) simula-
tions based on the sllod equations of motion with Lees-
Edwards boundary conditions and a Gaussian thermjggtat
The simulations are run for (1—18)10° NEMD steps with

a time step of 0.01. These simulations are used to determine
properties at temperatuiieand shear rate.

(2) Athermal simulations in which the shear strainis
incremented in very small steps, with energy minimizations
carried out after each step. The strain is increased in steps of
0.0001, and these simulations begin from instantaneous con-
figurations during the NEMD trajectory. These athermal
simulations correspond to the NEMD simulations in the lim-
its of zero temperature and zero shear rate.

The NEMD results for the viscosity an@hverse diffu-
sivity as a function of temperature are shown in Fig. 1, both
for the y—0 (Newtonian limit and for y=0.001; for T
>0.6, they=0.001 results coincide with thg— 0 results to
within the errors of the simulation. As expected, the viscosity
and inverse diffusivity increase as the temperature decreases.
Previous studies on the same system have shown that in the
v—0 limit the viscosity[5] and inverse diffusivity[3] di-
verge asu~(T—T,) 2% and 1D~(T—T.) 2% respec-
tively, whereT.=0.435 is the mode coupling crossover tem-
perature. These functional forms farand 1D are included
in Fig. 1, which shows that the presept-0 results agree
with these previous resultgéhese functional forms are rel-

whereV is the volumey,; andvy; are components of the evant only neaif., and are not expected to apply far from
velocity of particlei, andr;; and f;; are the distance and T).
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FIG. 1. Viscosity and inverse diffusivity as a function of tem- FIG. 2. The product_of the viscosity and diffusivity as a function
perature. The finite temperature results are from NEMD simula®f temperature. The finite temperature results are from NEMD
tions, and the zero-temperature resdisge open circlesare from simulations, and the zero-temperature reglaltge open circlgis

the athermal simulations. Small filled circleg=0.001; crosses, [0m the athermal simulations. Small f”éed circleg,=0.001;

y—0: solid lines,u~(T—T.) 2% and 1D~ (T—T,) 2% where  Crosses,y—0; solid line, Du~(T—T,) %4 whereT,=0.435;
T.=0.435. The dashed line indicates the locatiorT of diagonal line, Stokes-Einstein relation witlyz=0.146. The dashed
¢ line indicates the location of .

The divergences oju and 1D at low temperature are o o
avoided at the shear rate=0.001. The viscosities ay  dynamics in strongly supercooled liquids1,15,16,17,
—0.001 are smaller than the—0 values, and this “shear Where the size of the mobile regions diverges Tasp-
thinning” has been found in experiments on colloidal sys-ProachesT. [18,19.
tems[6] and simulations of atomic systerfig]. The diffu- [N contrast, at finitey, the productDu levels off to a
sivities at y=0.001 are greater than the—0 values, and finite value, rather than diverging. For low temperatures, the
this shear-enhanced diffusion has also been found in experiil_VOdUCt_DM is equal toa constarito Wl_thln t_he_errors o_f the
ments on colloidal system8] and simulations of atomic simulation). Thus a different Stokes-Einstein-like relation ap-
systemd9,10]. The temperature dependence of the viscosity?€ars to apply to sheared systems at low temperature,
and diffusivity at y=0.001 becomes much weaker for
<T., and these properties extrapolate to finite value3 as D =Chase, (5)
—0.

The product of the viscosity and diffusivity is shown as a
function of T in Fig. 2. When the Stokes-Einstein relation is
followed,

whereC,ge is the constant in this athermal-Stokes-Einstein-
like relation; the value ofC,ge=0.0983(obtained from an
average of the NEMD results far<0.35).
The origins of this athermal-Stokes-Einstein-like relation
Du=TCg, (4 become clear from the athermal simulations. As shown in
Fig. 3, the shear stress usually increases continuously with
whereCge is a constant. The Stokes-Einstein relation is fol-strain, but these changes are punctuated by discontinuous
lowed at higher temperatures, and the value of the constarlrops. Also, the mean-squared displacenieeiative to the
Cse=0.146 is found by fitting to the high-temperature re- positions at an initial configuratiorusually varies little with
sults (T>1). The Stokes-Einstein relation breaks down atstrain, but undergoes occasional discontinuous jumps at the
lower temperatures for both the—0 and finitey results, but  same points as the discontinuous stress drops. We have
the nature of the Stokes-Einstein breakdown is very differenshown previously that these discontinuous changes follow
in these two cases. strain-activated relaxations that occur when strain causes a
For the y—0 results, the producDbx diverges as the local energy minimum to flatten out until it disappears
mode coupling temperaturk; is approached. Since~(T  [20,21,22,23 as shown schematically in Fig.[24]. These
—T.) 2% and D~(T—T.)?% for this system[3,5], the strain-activated relaxations reduce stress and lead to atomic
productD u~ (T—T,.) ~ %45 which diverges aF approaches displacements.
T.. This divergence is in accord with results of previous The viscosity and diffusivity in the limit of zero tempera-
simulations[11,12,13 and experiment$14,15, which find ture can be obtained from averaged results of the athermal
that the producD u becomes much larger than the Stokes-simulations, shown in Figs.(® and 3d). The average shear
Einstein value as a liquid becomes highly supercooled. Thistress is a constant val@, = 0.649(after an initial transient
large increase iDu has been attributed to heterogeneousperiod; the fluctuations are due to the relatively small num-
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FIG. 3. Results from athermal simulatioris) Shear stress and
(b) mean-squared displacement for a single (ahShear stress and
(d) mean-squared displacement for an average of ten runs.
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FIG. 4. Schematic representation of a strain-induced disappear-
ance of an energy minimum. The curves represent the potential
energy along the relevant coordinate, and the circles represent the
state of the system. The change in the state of the system denoted
by arrow “c” corresponds to a strain-activated relaxation process.

(note A = yt) and so the average diffusivitp =Cpy [20].
The athermal results for the viscosity and diffusivity are in
excellent agreement with the extrapolation of the NEMD re-
sults to zero temperature, as shown in Fig. 1.

The productD x under athermal shear flow can be evalu-
ated asDu=[Cpy][C,/y]=CpC,. Thus the athermal
simulations yieldD u=Casg, as found empirically in our
NEMD simulations. The constan€Csg=C,Cp=0.0924
from the athermal simulations, which agrees well with the
NEMD resultC,ge=0.0983(see also Fig. R

The productD . can be used to define an effective tem-
perature T 5= D u/Cge [25]; when the Stokes-Einstein rela-
tion is followed, TSF=T. At finite shear rate and low tem-
peratures {<~0.35), Tof has the constant valud@st
~0.65 (T5F=0.67 is obtained from an average of the NEMD
results for T<0.35, andT5;=0.63 is obtained from the
athermal simulations Thus T3¢ gives a similar value aT
=0.3 andy=0.001 to an effective temperature based on
fluctuation-dissipation theoryT(g), for which T5?=0.65 at
T=0.3 andy=0.001[5].

The viscosity increases as the driving fofsbear stregs
is decreased in athermal systems, and as temperature is de-
creased in thermal systemsat>0; when the viscosity be-
comes so high such that flow does not occur on the time
scales of the experiment, a jamming transition occurs. The
present results show that the behaviobgf is very different
as jamming is approached by cooling as opposed to reducing
the driving force:Du diverges as jamming is approached

ber of samples used for the averagingnd so the viscosity upon cooling, buD x maintains a finite value as jamming is
u=C,/ly [see Eq.(1)] [23]. The mean-squared displace- approached by reducing the driving force. Since the diver-
ments in the directions perpendicular to flow increase lingence ofD u has been attributed to dynamic heterogeneities

early with strain(again, after an initial transient perigdavith
the slope Zp=((y?)/\+(z?)/\)/[2=0.285; the Einstein
equations[Eqg. (3)] can be multiplied and divided by the

strain rate to yield

2 2\

yy_(} <(Ay>2>> y Zz_(g <<Az>2>> )

[11,15,16 the present results suggest that while dynamic het-
erogeneties are important as jamming is approached by cool-
ing, the dynamic heterogeneities play a different role as jam-
ming is approached by reducing the driving forge., in
shear-induced dynamics
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